This article explores the simulation of stall phenomena in axial compressor blade rows. The approach is based on the numerical solution of the compressible, two-dimensional Navier-Stokes equations. The results of both unforced and forced low-speed rotor stall are presented. In unforced cases, substantial ow separation is observed before the maximum pressure rise operating point is reached. These unsteady separation events manifest as oscillations in blade lift and pressure rise, at frequencies within an order of magnitude of the blade passing frequency. The introduction of stationary perturbations to the free-stream reference ow creates disturbances in the out ow which propagate at speeds di erent from the blade speed. An assessment of the variations in forced response with disturbance length scale shows that low frequency propagating waves in axial ow velocity develop as the disturbance wavelength is increased.
Introduction
A renewed interest in the modeling and simulation of aircraft engine dynamics has emerged during the past twenty y ears. A dominant driving force behind such e orts is the prediction of unsteady stall phenomena in compressors and its e ect on engine performance. As a result of progressive improvements in modeling, modern control theory has been successfully applied to the problems of compressor stability 1 , 2 . In e ect, progress in control concepts has prompted a new need for improved modeling methods for compressor dynamic performance.
During approximately the same time span numerical methods for the solution of the uid ow equations have e v olved considerably. A clear incentive of numerical approaches is the identi cation of detailed ow phenomena which can have a large impact on the response of the modeled system. From the perspective of compressor aerodynamics, such numerical methods are increasingly becoming an important asset in the modeling e orts of compressor stall phenomena.
In this article the authors consider the numerical simulation of rotor ows. These simulations are based on the application of well established methods for the solution of the unsteady, compressible Navier-Stokes equations in two dimensions. One of the prominent results in low-speed rotor calculations is the e ect of separation on blade loading and pressure rise. It is found that signi cant unsteady separation takes place well before the traditional stability limit at peak pressure delivery is reached. The e ect on instantaneous, spatial average pressure rise are oscillations o a time average value at the frequency of the unsteady lift response. A second result relates to the development of propagating disturbances in the out ow as stationary disturbances are applied at the in ow. Compared to the zero disturbance case, in which the response is mostly driven by the blade passing frequency, the input disturbances cause an interesting migration of frequency content t o l o w frequencies. It is hoped that these results will foster new ideas in the development of compressor stall models.
Numerical Method Flow Solver
A t w o-dimensional Navier-Stokes multiblock solver was developed and tested for the results presented in this article. The GTCASCADE solver, as it has been called, is based on the Alternating Direction Implicit ADI factorization of the linearized discrete equations 3 . The nite-di erence development is based on the transformation of the equations of motion to a curvilinear, body-tted coordinate system. Within the code, the spatial dimensions 1 are normalized by the chord length of the blades, c. All ow v elocities are normalized by the upstream speed of sound, a 1 . T h us, time is normalized by the time scale c=a 1 . Density is normalized by the upstream density 1 and pressure is normalized by 1 a 2 1 . Turbulence is modeled via the algebraic two-layer Baldwin-Lomax model. For the low speed cases reported here, the thermodynamic viscosity i s assumed constant, and its reference value is set by a free stream Mach n umber and Reynolds number.
For the purposes of this study, a grid block i s made up of a blade passage, which is discretized using an H-grid topology. A section of a typical H-grid stack used in the calculations is shown in Figure 1 . A multiblock grid generator code based on the methods in 4 is employed to generate the grids. When owpath geometry does not change from blade to blade, the computed grid for one zone can be stacked up as many times as required by the number of blades in the simulation.
Boundary Conditions Solid Surfaces
The no-slip boundary condition of zero ow v elocity relative to the surface is applied. In addition, the surface is assumed adiabatic and the thin shear layer approximation is employed, resulting in zero normal derivatives of pressure and density at the solid surface.
In ow and Out ow Boundaries Current computer time constraints limit the grid to extend approximately 1:5 t o 2 c hords away from the blades in the streamwise direction. Accordingly, a non-re ective t ype of boundary condition is employed to allow w a v es to enter and leave the domain without ow eld distortion. In this article, the boundary conditions developed in 5 are used. These boundary conditions set the relativeframe stagnation enthalpy and pressure at the inow boundary equal to their free-stream reference counterparts. The upstream propagating Riemman invariant jV rel j , 2 a , 1 is extrapolated from the interior domain. From the total conditions and the Riemman i n v ariant, values for the magnitude of the relative frame ow speed and local speed of sound are found. The relative o w components are determined by xing the relative in ow angle. Absoluteframe velocity components are then the sum of the grid speed components and the relative o w components. For calculations involving displacements of the entire grid in the pitchwise direction, the inow boundary condition is analogous to imposing the rothalpy of the ow at the value dictated by the free-stream condition and grid speed. The out ow boundary conditions also follow the characteristic variable treatment presented in 5 .
Zonal Boundaries
At the interfaces between consecutive blade passages excluding the region which contains the solid surface, the grids are allowed to overlap, by means of the dummy or ghost point technique 6 . Therefore, the ow on the interface is found by direct solution of the equations, without need for interpolation between consecutive blade passages.
Pitchwise Data Collection
In this study, attention is devoted to the temporal and spatial frequency content of the ow v ariables along vertical lines in the grid. Such analysis reveals the types of disturbances which m a y propagate as waves in inertial coordinates. To carry out these measurements, the moving grid data is interpolated to an inertially xed set of points, after translating in space by an amount dictated by the distance between the inertial point distribution sensors and the moving blades. The procedure, which is analogous to the interpolation methods employed in rotor-stator interaction studies, is illustrated in Figure 2 . The grid, of spatial period S 0 equal to the number of blades times the blade pitch, moves at speed U in the negative y direction. Since the solution is periodic in S 0 , the data can be interpolated to a uniform point distribution over y 2 0; S 0 . At a n y instant of time, the signed dis- 3 Results
Code Validation Results
The GTCASCADE code has been extensively validated against experimental and numerical benchmark data. A typical set of results for the steadystate pressure distribution over a blade in a cascade is shown in Figure 3 . The gure shows a comparison between experimental and numerical results for the surface pressure distribution on a NACA 65-410 cascade. The experimental data comes from 7 . The cascade has a stagger angle = 3 0 , blade angle of attack 1 = 0 , and solidity = 1 : 25. The operating conditions are set at free stream Mach n umber M 1 = 0 : 085, and Reynolds number Re = 245; 000. In these results, loading is reported in terms of total to static pressure difference, S = 2 p 0 , p = 1 V 2 1 , where p 0 is the upstream stagnation pressure. Minor discrepancies can be attributed to grid resolution near the surface, and geometry matching. Other code outputs for di erent cascade con gurations compared very well with the experimental data in 7 . Further details on other steady and unsteady validations, which include oscillating cascade results, can be found in 8 . In the present w ork, the code is employed to demonstrate interesting unsteady response events, both with and without external forcing.
Unforced Rotor Performance and Dynamics
The performance of a rotor blade row or compressor is typically described by the mapping of the generated pressure rise versus operating ow. Such rotor performance map or characteristic also reveals the blade loading as the ow i s v aried. For the results presented in this study, a cascade was generated with NACA 0012 pro les cambered with a NACA a = 1 mean line with zero-angle lift C lo = 1 : 5. The cascade stagger angle and solidity w ere set to = 4 4 : 5 o and = 1 : 46, respectively. The grid, of dimensions 90 46 per blade passage, extends 1.6 chords upstream of the leading edges and 1.67 chords downstream of the trailing edges. The blade shape is resolved in 41 points, using a hyperbolic tangent point distribution which clusters the points near the edges. Spacing from the surface points to the neighboring points in the interior remains below 0.0004 chords except near the edges, where the grid generator converges to a maximum spacing of 0.0012 on the suction side to ensure smoothness.
Since the boundary conditions allow consistent solutions in both blade-xed and absolute coordinates, the calculation of the performance map is performed in blade-xed coordinates. Thus, iner-3 tial ow quantities such as the ow coe cient and blade speed are transformed into a corresponding angle of attack and in ow Mach n umber relative t o the blades. In these simulations, the blade Mach number was set at M T = U=a 1 = 0 : 1576, which was again used in cases where the blades move. In the following, we drop the use of M T in favor of U, given that all velocities are normalized by the reference free-stream speed of sound. For each v alue absolute ow Mach n umbers corresponding to ow coe cient v alues, a table of corresponding relative Mach n umbers and angles of attack w as obtained for the selected rotor speed. These parameters are passed to the code for each operating condition. The computed performance map is shown in Figure 4 . The pressure rise, represented by the total-to-static pressure rise, , is plotted as a function of the axial ow, given in terms of the axial ow coe cient . These quantities are de ned as
The velocity u 1 is the reference axial ow v elocity. The outlet pressure p 2 is computed by a v eraging in space over the exit plane. The pressure p 0 is the reference, absolute frame total pressure and U is the blade speed. The gure shows that the trends of every basic compressor map are well predicted. As the axial ow decreases, the pressure rise increases up to a point where wakes become quite thick. Further decrease in axial ow b e y ond that point causes the pressure to drop, and consequently, to a loss in performance due to stall. For ow coe cients below 0.55, the local time step calculation mode fails to converge to a steady solution. In those cases, the calculation mode is switched to the full unsteady mode at xed time step. The maximum time step allowed by the implicit scheme for the particular grid employed results in about 4300 iterations per blade passing. In these simulations, it is found that the exit-plane, spaceaverage pressure oscillates in time. Thus, in Figure  4 , the solutions at ows below 0.55 are denoted by three symbols. The lled symbols denote the time DC component of the space-average pressure rise. The open and star symbols correspond to the maximum and minimum pressure rise found over a cycle.
The oscillations in space-average pressure rise are found to be related to the blade load dynamics and the extent of boundary layer separation. Even at high-ow conditions, the shape of the blade precludes attached ow on the trailing edge part of the suction side. In e ect, a separation point a t the high-ow point = 0 : 65 is found at about = 0 : 4125, for example, the average separation point is at a mean position of 82 chord. The exact location of the separation point is found to oscillate in time with the same frequency as the blade lift and the average pressure rise. Therefore, it is argued that the oscillations in average pressure are the result of an unsteady periodic separation e ect. The mapping of the unsteady lift amplitude and frequency with ow coe cient is shown in Figure 5 . As the ow coe cient is decreased increased angle of attack, the amplitude of the lift oscillation increases, but the frequency of oscillation becomes smaller. From a viscous ow viewpoint, the vortices shed from the blade over the separation zone become larger in scale as the angle of attack i s i ncreased. The growth in lift amplitude corresponds to the growth in the size of the separation zone. However, as the separation zone becomes larger, the time scale required to establish the circulation around the blade increases, owing to the generation of larger vortices. Thus, the lift frequency becomes smaller. Since lift translates into pressure rise, these oscillations are also found in the pressure rise. In effect, the plot in Figure 4 gives evidence of the fact that stall becomes progressively severe as the ow is reduced, given the increase in deviation of the space-average pressure signal from its time-average value.
An important observation is the fact that, regardless of the number of blades employed in the simulations, the ow has blade-to-blade periodicity, e v en if such boundary condition is not explicitly applied. Naturally, this requires the grid to be blade-to-blade periodic, in the sense that each blade passage is an exact duplicate of its neighbors, with a pitchwise coordinate o set. It also requires that the initial conditions specify uniformity from blade to blade, as imposed in the calculations of the rotor performance. A nal provision is that the nominal operating condition Mach n umber remains set at a xed constant v alue during the simulation. Thus, in absolute frame coordinates, it is found that no propagating disturbances, other than those resulting from the solution being carried pitchwise at the blade speed, are observed. The signal over a pitchwise line corresponds to a single wave packet with fundamental period 1 in both blade-pass time units and blade-pitch spatial units.
A t ypical set of axial ow signals induced by the natural blade motion at a given operating condition are shown in Figure 6 . In this case, the blades are allowed to move, and the interpolation technique described previously is employed to measure the resulting wave motion. These signals correspond to axial velocity measurements taken about 0.1 chords downstream of the trailing edge of the blade row over 1 blade passage. The data is sampled at 21 samples per blade passing in both time and space. The nominal case is set by the reference free-stream Mach n umber M 1 = 0 : 06501, which corresponds to the highest pressure rise point on the computed performance map. Although it is evident from the top plot that this solution has both period 1 in space and time relative to the blade passage space and time scales, one can run into a general situation in which the peaks observed in a single time trace FFT do not correspond to wave harmonics, but to the speeds of di erent w a v e packets present in the time-space signal. A detailed discussion of this issue is found in 2 . Since each of the frequencies in the single sensor measurement m a y correspond to the propagation speed of a wave packet, the data must be bandpass-ltered at those frequencies to determine which spatial components are present at that speed. The ltered signal is decomposed in spatial Fourier coe cients applying a spatial FFT over all sensor measurements at xed time to determine the dominant spatial modes at that speed. Spatial mode here corresponds to the number of lobes minus 1 of the signal. The dominant spatial modes should reveal a near constant amplitude in space and a phase 5 which v aries linearly in time at a rate given by the lter-isolated frequency. For the particular case of the traces in Figure  6 , the application of bandpass lters at frequencies f n = n=U=S b integer n reveals that the dominant modes are those with wavenumbers k n = n=S b . Since f n is proportional to k n , the overall signal is a single wave packet of normalized fundamental frequency n = 1 in both time and space, which can be described by
A n sin 2n S bỹ + n y = y + Ut 2
In the most general case, a time variation of the space average signal, A 0 t, is accommodated to allow for the events described in the calculation of the performance map. However, in the case of the velocity signals, the dependency of the average velocity on the lift oscillation frequency appears not as strong as that of the pressure, as the FFT magnitude of the space-average velocity signal at the lift oscillation frequency is only 1=10 of its time mean value. In this case, A 0 = 0 : 0743175, a constant. Table 1 lists the amplitudes and phases of the appinginduced wave of Equation 2. Observe that, for the particular case under study, the amplitude of the rst harmonic of the wave is about 45 of the mean value of the signal. This is quite signi cant, from the perspective of a complete multibladed rotor. For a rotor having N b blades, this result clearly demonstrates that there is signi cant frequency content at frequencies of the order N b times the rotor frequency which cannot be attributed to measurement noise. The velocity pro les at the blade scale are analogous to pipe ow pro les, and, in fact, are the consequence of the same viscous phenomena. The ow is retarded at the blade surfaces and accelerates towards the middle of the blade passage. In order to capture the most signi cant harmonic content of this phenomena in a rotor, at least 2N b + 1 sensors are required. Moreover, to capture the frequency, the bandwidth of the sensors must be at least 2N b + 1 times the rotor frequency. Most economical sensing schemes fall below this range, with the result that the frequency content at the blade pass frequency could be aliased to low frequencies. The detailed degree of resolution is one of the clear advantages of the computational method.
Given the observations, it is natural to ask about the relevance of the small-scale behavior. In the following section, we attempt to illustrate the issues by considering the e ect of in ow disturbances of di erent length scales on the solution.
Forced Transients
As described above, the evolution of the solution results in periodicity from blade to blade. A simple approach to upset the natural time scales is to introduce stationary disturbances at the rotor in ow boundary. In this study, stationary disturbances in total pressure with zero spatial mean are used. These are of the form p 0r = p 0r 1 + Dt; y : 3 Contrary to the work in 9 , throttling disturbances are not emulated in this work. In this work, the nominal condition is set at the same operating point of the previous simulations, with the reference Mach numberM 1 = 0 : 06501. Since throttling is not emulated by reducing the Mach n umber as disturbances are introduced, the disturbances required to change the state of the ow i n a n y signi cant manner are 5 to 10 percent of the mean total pressure. While these are large disturbances from a physical viewpoint, they are adequately accepted by the code.
The base shape of the total pressure perturbation employed in this work is a Gaussian type distribution with a = 0:15 bandwidth. The pulse is centered at the middle of the sensing line y = S 0 =2 and is applied at three di erent length scales relative to the blade pitch S b = S 0 =N b . A F ourier decomposition is used to represent the pulse in order to ensure periodicity o v er S 0 . In this form Table 2 : Coe cients for Total Pressure Perturbation. t 0 in order to allow some time for the establishment of the nominal initial condition. In this work, t 0 is set to 1, corresponding to about 0.23 blade passing time units. For a normalized bandwidth of 0.15, the Fourier coe cients of the perturbation are listed in Table 2 Three cases in which the applied disturbances have spatial periods 1, 2, and 3, relative to the blade spacing are considered here. Therefore, the calculation can be carried out only with 1, 2, or 3 blade passages, respectively. A reasonable expectation for the outcome will be a scenario in which the disturbance impregnates its nonmoving pro le onto the blade-induced motion. To some extent, the low-frequency results do reveal such scenario. But, most importantly, it is found that the spectrum at frequencies lower than those of the blades is activated. Before showing the results, it is useful to discuss the expected behavior in the results. The introduction of a stationary perturbation in inertial coordinates corresponds to a moving perturbation in blade-xed coordinates. A single blade will traverse one full period of the stationary disturbance in n blade pass time units, where n is the wavelength of the disturbance relative to the blade pitch. Therefore, one can expect that frequency 1=n in terms of the blade passing frequency will become active as the disturbance is applied. Speci cally, this frequency becomes active for the square of the velocity signal. From a steady-state argument, velocity squared will scale with total pressure. Therefore, if total pressure varies with frequency 1=n, one could nd harmonic content in the velocity signals at frequency 1=2n. This frequency should become prominent if the time mean of the signals is less than the FFT amplitude at 1=2n. Figure 7 shows the results obtained by imposing a stationary disturbance with a spatial period of n = 1 blade pitch. Compared to the clean ow result, this shows that the apping frequency and associated harmonics remain quite dominant. However, all other frequencies are activated, particularly those in the range 1=2n. For this particular case, the frequency range near one half of blade passing frequency F Sb = U=S b was ltered to examine the possibility of organized wave motion at that speed. In this case, no organized motion was found, as all of the spatial harmonics show no correlation in phase or amplitude constancy. The same was found for other intermediate frequencies. For the parameters considered in this simulation, the evident e ect of the disturbance of blade-passage scale is to raise frequency content at all frequencies, leaving dominant wave propagation at the blade passing frequency and its harmonics. As can be seen, the FFT of the signal shows small harmonic content a t 1 = 2n, compared to the DC zero frequency of the signal. Therefore, the events near frequency 1=2n do not dominate in the wave propagation phenomena. Figure 8 shows the results obtained as a perturbation spanning n = 2 blade pitches is applied. In this case, there is reason to believe that some form of propagation is occurring at 1 4 and 1 2 of the blade passing frequency, as explained previously. Indeed, the FFT shows that these frequencies are active. However, the DC remains high over the amplitudes at those frequencies. The ltering of the signals at 1 4 blade pass and 1 2 blade pass does not reveal propagation at those frequencies. The blade passing mode remains very active, as can be argued from 7 In contrast, Figure 9 shows the velocity signals over n = 3 blade pitches as a perturbation covering a 3-blade-pitch length is applied. Here, it becomes evident that low frequency phenomena are taking place. In e ect, the mid signal FFT over the latter section of the transient shows signi cant content near 1=2n = 1 = 6 of the blade passing frequency. The signals are ltered in the frequency range to reveal a mode 1 disturbance relative t o 3 blade passages traveling at 18 of the blade passing frequency. The ltered signal is shown in Figure  10 . The amplitude of these low frequency oscillations is measured at 0.12. In contrast, the signal DC from Figure 9 is at 0.04, illustrating the e ect of the increase in amplitude of the low frequency content b e y ond the DC, which allows for the low frequency wave motion.
Finally, a comparison of all three forced transients reveals that, as the wavelength of the applied disturbance increases, the velocity signal develops a propensity t o s h o w w a v e propagation at lower frequencies. These results are consistent with the ndings by He in 9 . In that work, calculations involving 20 blade passages reveal that long scale inow disturbances are the most destabilizing disturbances. However, only 4 measuring points per 20 blades were used to visualize the phenomena. The results reported in the present article, where ne sampling was used in both time and space, show that similar phenomena occurs at the scale of several blade passages.
Conclusions
In this article, the results of both unforced and forced ows in a rotor blade row w ere investigated. The results for unforced lift and pressure rise show that their dynamic behaviors in terms of frequency response are similar. This is argued to be the result of dynamic stall events which occur naturally due to ow separation. It is found that pressure rise amplitude increases as the ow is decreased, while the oscillation frequency decreases with the ow. A connection between vortex-shedding temporal and spatial scales and these events provides a simple explanation for the observed phenomena. A more complete documentation of these results can be found in 8 .
Forced response was assessed through the application of stationary total pressure disturbances at the inlet, with varying spatial period relative to the blade pitch. These results demonstrate that disturbances of increasing length scale compared to the blade pitch cause the rotor out ow axial velocity to develop wave propagation at lower frequencies. While the origin of these frequencies has been explained through a steady-state argument, the increase in amplitude at the low frequencies with increased disturbance wavelength remains to be explained. Finally, a n y nominal quantity other than total pressure can be used to implement disturbances. Additional work will be carried out to determine i possible variations in the frequency response as other nominal in ow v ariables are perturbed, and, ii the propensity of increased low frequency wave motion as disturbance length scale is increased.
